Abstract. In this paper an analysis of the global AAM conservation properties of NCAR's Community Atmosphere Model Spectral Element (CAM-SE) dynamical core under HeldSuarez forcing is presented. It is shown that the spurious sources/sinks of AAM in CAM-SE are three orders of magnitude smaller than the parameterized (physical) sources/sinks. The effect on AAM conservation by changing various numerical aspects of the dynamical core (e.g., different vertical coordinates, reduced formal order of accuracy, increased dissipation and decreased divergence damping) is investigated. In particular it is noted that changing from Eulerian (hybrid-sigma) to floating Lagrangian vertical coordinates does not alter the global AAM conservation properties of CAM-SE.
Introduction
The angular momentum of an atmosphere with respect to its rotation axis characterizes its rotary inertia and it is a fundamental physical quantity characterizing the general circulation. In the absence of any surface torque and zonal mechanical forcing, the hydrostatic primitive equations conserve the globally integrated axial angular momentum (AAM) [Thuburn, 2008] when assuming a constant pressure upper boundary condition [see, e.g., Staniforth and Wood , 2003 ]. The fluid flow solver (a.k.a. the dynamical core) approximating the solution to the hydrostatic primitive equations should therefore ideally also conserve AAM, however, no dynamical core known to the authors conserves AAM to machine precision. For axisymmetric flows Hourdin [1992] derived a vertical discretization that compensates for the lack of AAM in the horizontal discretization. Hyperviscosity operators can be formulated so that uniform rotation is not affected and thereby the operator is not a source/sink for AAM for that part of the flow [see, .e.g, Section 3.3.6 in Neale et al., 2010] .
Accurate conservation of AAM in the dynamical core has been found particularly important for modeling superrotating atmospheres such as the atmospheres of Venus and Titan [e.g., Lebonnois et al., 2012 . If the spurious sources/sinks of AAM in the dynamical core are of similar or larger magnitude than the physical torques, the credibility of the simulation is dubious. Leb2012 found that this was the case in Venus/Titan simulations as well as simplified Earth simulations (see Figure 1) when using NCAR's CAM [Community Atmosphere Model; Neale et al., 2010] adapted for the Venus atmosphere and using the finite-volume dynamical core [referred to as CAM- FV Lin, 2004] . Similarly, Lee and Richardson [2010] found that the simulation of the general circulation of Venus's atmosphere varied significantly between different dynamical cores 1 . In particular, it was noted that the damping operators were very different between the dynamical cores. The superior performing model, in terms of credible atmospheric state, conserved AAM very well [Lee and Richardson, 2012] .
In Earth's atmosphere the physical sources/sinks of angular momentum are very large. On the resolved scales (part of the dynamical core) there are large mountain torques due to pressure difference across orography. The mountain torques are predominantly eastward in the tropics and westward in the mid-latitudes, and this AAM exchange affects the length of day [see, e.g., Egger et al., 2007a, b] . On the unresolved scales the frictional forces such as boundary layer turbulence and drags from breaking gravity waves alter the AAM budget. Due to these large physical sources and sinks (that are not in a similar balance as for Venus and Titan), the lack of conservation of AAM in the dynamical core (when subtracting the mountain torque) is much less apparent.
It is the purpose of this paper to investigate the globally integrated AAM conservation properties of the spectralelement dynamical core 2 [referred to as CAM-SE; Dennis et al., 2012] and to investigate how different numerical operators/options available in CAM-SE affect AAM conservation. The CAM-SE dynamical core can be run at different formal orders of accuracy (by varying the order of the polynomial basis functions) and it accommodates two different treatments of vertical advection that are commonly used: the finite-difference treatment of vertical advection that conserves angular momentum and total energy [Simmons and Burridge, 1981] , which will be referred to as Eulerian vertical coordinate (hybrid-sigma), and the floating Lagrangian vertical coordinates for which the vertical advection terms are essentially replaced by periodic vertical remapping of prognostic variables from the floating Lagrangian layers to reference Eulerian (hybrid-sigma) vertical coordinates. This remapping also conserves AAM and optionally total energy [Lin, 2004] . The effect on AAM conservation by using these different numerical operators is the main topic of this paper. The AAM analysis is detailed in the sense that not only are the total contributions to AAM from the dynamical core and parameterizations separated but also the breakdown into the relative contributions from diffusion operators and the 'inviscid' fluid flow solver. The AAM diagnostics are computed consistently in-line in the dynamical core at every dynamics time-step and fully consistently with the spectral-element method.
The simulations presented here make use of the idealized Earth configuration called Held-Suarez [Held and Suarez , 1994] . In this setup there is no topography and the parameterization suite is replaced by a relaxation of temperature towards a zonally symmetric state and Rayleigh damping of low-level winds to emulate boundary-layer friction [Held and Suarez , 1994] . This forcing results in a statistical mean state similar to Earth's atmosphere in terms of producing similar time-averaged zonal jet streams and temperature profiles. The only physical source/sink of AAM in this setup is the Rayleigh damping. The absence of mountain torques and other large sub-grid-scale torques makes the Held-Suarez test a good test bed for investigating AAM properties of general circulation models developed for Earth's atmosphere.
The paper is organized as follows. In Section 1 the formulas and associated nomenclature for the AAM analysis is introduced. The detailed global AAM analysis is presented in Section 3 after a description of the exact CAM-SE dynamical core configuration in terms of polynomial order, viscosity coefficients, time-steps etc. We end the paper with a summary and discussion in Section 4.
Method

Continuous AAM
When choosing the usual spherical coordinate system that rotates with the atmosphere and with coinciding rotation axes, the global axial angular momentum (AAM) can be separated into one part (Mr) associated with the relative motion of the atmosphere with respect to the planets surface (a.k.a. wind AAM) and another part (MΩ) associated with the angular velocity Ω (= 2π/d, where d is the length of the day) of the planet (a.k.a. mass AAM):
where r is the radial distance from the center of the planet, ρ the fluid density, u is the zonal velocity component, θ the latitude, λ longitude, dV = r 2 cos θ dλ dθ dr is an infinitesimal spherical volume, and D is the global domain. We make the shallow atmosphere assumption and hydrostatic assumption so r in (1) is replaced with R (mean radius of the planet) and dr = − 1 ρ g dp (g is the gravitational constant), respectively. In the absence of any surface torque and zonal mechanical forcing, the hydrostatic primitive equations conserve the globally integrated AAM when assuming a constant pressure upper boundary [see, e.g., Staniforth and Wood , 2003 ]:
Typically numerical models are divided into a dynamical core (dyn) that, roughly speaking, solves the equations of motion on resolved scales and physical parameterizations that approximate sub-grid-scale processes (phys). There can therefore be two sources/sinks of AAM:
In Held-Suarez configuration dM dt phys is from simplified surface drag that acts on the velocity components only. Consequently it does not alter MΩ but only Mr. In the HeldSuarez setup the sources/sinks of AAM in the dynamical core are due to numerical errors unless explicit or implicit diffusion is designed to mimic physical drag. In this study we assume that the dynamical core approximates the solution to the hydrostatic primitive equations and not any subgrid-scale processes and it should therefore, according to (2), not be a source/sink of global AAM. The spurious contributions to AAM should be much smaller than the physical sources/sinks of AAM:
The change of total AAM due to the dynamical core,
, is decomposed into two components
The first term on the right-hand side of (5) is the tendency of AAM due to 'inviscid dynamics' or more precisely, dynamics ), respectively, with the same partitioning as row one. Note that the y-axis unit on row one is 10 25 kg m 2 s −1 whereas the remaining rows are 1.0 × 10 19 kg m 2 s −2 . In the embedded plot (row two, column 1) the unit is 1.0 × 10 17 kg m 2 s −2 .
without any explicit diffusion operators, which is accounted for in the second term. Explicit diffusion in the CAM-SE model is fourth-order hyper-viscosity on all prognostic variables as well as additional damping of divergent modes.
Discretization of total AAM in CAM-SE
CAM-SE is a highly scalable dynamical core based on a equi-angular cubed-sphere tiling of the sphere with elements. Within each element the variables are represented as polynomials on a Lobatto-Legendre quadrature (GLL) grid. Hence gradient, curl and other operations can be computed exactly and then projected on to the basis. The operators are compatible (also called mimetic) so key discrete operators and discrete integrals satisfy continuum properties [Taylor and Fournier , 2010] . In particular, mass is conserved to machine precision. In the version of CAM-SE based on the Simmons and Burridge [1981] vertical coordinate/advection, total energy is conserved to time-truncation errors. For a detailed description of the CAM-SE dynamical core see Neale et al.
[2010].
In CAM-SE the two components of total AAM are discretized as
and
respectively, where ∆p ik is the pressure level thickness at the GLL point (cell) with index i (ncol is the number of GLL points in each model layer) and vertical index k (nlev = 30 is the number of vertical levels), and ∆Ai can be interpreted as the fictitious spherical area associated with GLL point i which in CAM-SE is the product between GaussLegendre weights and metric terms 3 [Dennis et al., 2012] . The terms in the AAM budget are computed 'in-line' in the code at every time-step, i.e. dM dt dyn is computed at every Runga-Kutta stage that makes up the dynamics time-step (∆t dyn = 360s). The AAM tendencies over each RungaKutta stage are accumulated over each physics time-step (∆t phys = 1800s). For the Lagrangian vertical coordinate version of CAM-SE the vertical remapping occurs every half hour. Hence the vertical coordinate 'floats' for five dynamics time-steps .
Results
The horizontal resolution in CAM-SE is specified through the number of elements (ne) and number of Gauss-LobattoLegendre quadrature (GLL) points along the edge of each element (np). With np = 4 the prognostic variables are represented with degree 3 (= np − 1) polynomials in each element. Here we consider ne30np4, ne45np3 and ne90np2 configurations that all have the same number of degrees of freedom (= 6 × ne 2 × (np − 1) 2 ) but decreasing polynomial orders. Fourth-order viscosity is applied to all prognostic variables. The hyper-viscosity coefficients for fourth-order viscosity and additional fourth-order divergence damping (ν = 1.0 × 10 15 m 4 /s and ν div = 2.5 × 10 15 m 4 /s, respectively), and time-steps are held fixed for all ne and np settings (time-steps are given in Section 2.2). In the upper three levels of the model (a.k.a. the model sponge) there is additional Laplacian damping of the prognostic variables with coefficients increasing from νtop,2×νtop, to 4×νtop towards the model top (νtop = 2.5 × 10 5 m 2 /s). The vertical resolution is held fixed (nlev = 30), however, as mentioned in the Introduction we consider two different vertical coordinates or equivalently two treatments of vertical advection terms in the prognostic equations referred to as 'Eulerian' and 'Lagrangian'. The Eulerian configuration is based on finite-differences that conserve energy and angular momentum [Simmons and Burridge, 1981] . The vertical Lagrangian coordinate configuration follows the Lin [2004] approach where the hybrid-sigma vertical coordinate surface are allowed to float as material surfaces for several consecutive time-steps (1800s in this study) whereafter the prognostic variables are remapped back to the hybrid-sigma (Eulerian) coordinate surfaces.
The default polynomial order used for (climate) simulation in CAM-SE is degree three (np = 4) with the above mentioned settings for hyper-viscosity operators and timesteps. The preferred choice of vertical coordinate in climate simulation is the one based on floating Lagrangian levels. We will refer to this configuration as the default configuration.
The Held-Suarez forcing simulations were performed for 4000 days although we will only show results for shorter time periods after the initial spin-up. After the initial spin-up (approximately 100 days) the global AAM diagnostics are stable; for clarity we only show 300 day periods on the Figures. As mentioned above the AAM diagnostics were computed at every internal time-step in-line in the source code using native surface integration routines to integrate AAM over each element. Hence AAM diagnostics are completely consistent in space and time with the dynamical core numerical discretization techniques. Common practice, however, is to compute AAM based on temporally averaged output of prognostic variables (6-hourly or daily) and subsequent perform mathematical operations to derive AAM.
Conservation of AAM in default setup
The first row in Figure 2 and 3 show the temporal evolution (day 1000 to day 1300) of total AAM, wind AAM (Mr) and mass AAM (MΩ) in columns one, two and three, respectively. The AAM for the default setup is shown with solid green lines (ne30np4 Lagrangian) on Figure 2 . As expected the total AAM is dominated by the mass AAM which is about two orders of magnitude larger than the wind AAM. The total AAM oscillates around approximately 1.0395×10 28 kg m 2 /s with deviations of about 10 25 kg m 2 /s. Overall these values are similar to real Earth AAM in terms of relative values and amplitude of the temporal variation of AAM [Egger et al., 2007a] . Row two and three of Figure 2 and 3 show the relative contributions to total change in AAM due to the dynamical core, (( dM dt ) dyn ), and parameterizations, (( dM dt ) phys ), respectively, again separated into total (column one), wind (column two) and mass (column three) AAM. Note that for clarity rows two and three use the same y-axis scale (max/min values are ±7×10 19 ). Since (( dM dt ) dyn ) is small a plot with a 100 times smaller range (±7 × 10 17 ) is embedded in the plot. We note that for the default configuration the spurious sources/sinks of total AAM are about three orders of magnitude smaller than the parameterized (physical) sources/sinks (equation 4). This result is in sharp contrast to the results for CAM-FV shown on Figure 1 where the spurious sources/sinks from the dynamical core were the same order of magnitude as the parameterized sources/sinks. In examining the breakdown of (( dM dt ) dyn ) into wind and mass tendencies for AAM (row two, columns two and three in Figure 2 and 3, respectively) , it is observed that the amplitudes of these are of order 10 19 , whereas ; note that the max/min of the y-scale of the embedded plots on Figure  4 and 5 are ±1.3×10
X -5
17 for column one and two, whereas the range of column three is [−1.2 × 10 15 , 0.2 × 10 15 ]. In the remainder of this paper we assess how different operator and discretization options (available in CAM-SE) affect the conservation of AAM. The impact on conservation of AAM by changing polynomial degree, change vertical coordinate and make other more subtle changes in the dynamical core, is discussed in three separate sections below. X -7 Figure 5 . Same as row two and three of Figure 3 but for the 'inviscid' part of the dynamical core solver and explicit diffusion operators, respectively.
Polynomial order and AAM conservation
One may readily pose the question if the AAM conservation properties are a function of the formal order of accuracy of the operators employed in the dynamical core. Since CAM-SE is based on a Galerkin method, it is rather straight forward to alter the formal accuracy of the horizontal operators by reducing the polynomial order from four to three (ne45np3) and two (ne90np2). The total number of degrees of freedom held constant (number of elements is increased accordingly), i.e. the resolution for all configurations is approximately 1
• . All other parameters are held fixed.
Without loss of generality in this discussion we focus on Figure 2 and 4 (floating Lagrangian vertical coordinate solutions). In terms of the time-evolution of total AAM, the amplitudes of the fluctuations are very similar for the fourth-order (np = 4; green line), third-order (np = 3; red line), and second-order (np = 2; blue line) solutions. There is an approximately 5% relative difference between the time-mean values of M r between the model configurations ( Fig. 4; top-middle) .
The spurious contributions to AAM from the dynamical core is only weakly dependent on polynomial order. The second-order solution (np = 2) has about an order of magnitude larger contributions to AAM than the higher-order solutions. However, the spurious contributions are still two orders of magnitude smaller than the physical sources/sinks. I.e. the balance between wind and mass AAM is still very well maintained despite the formal low order of accuracy. As for the np = 4 results, the change in AAM is mainly due to 'inviscid' dynamics (Figure 4 ).
Eulerian and Lagrangian vertical advection
Since both the Simmons and Burridge [1981] vertical discretization and the floating Lagrangian coordinates [Starr , 1945; Lin, 2004] are available in CAM-SE, it provides a unique opportunity to compare these vertical advection approaches. The simulations with different order of polynomials were repeated with the floating Eulerian (hybrid-sigma) vertical coordinate. The AAM diagnostics are plotted on Figure 3 and 5.
Both vertical advection operators conserve AAM, however, the frequency of the vertical advection step is different between the two. In the Eulerian vertical coordinate version the vertical advection is performed at every dynamics time-step. With the floating Lagrangian vertical coordinate the vertical advection (remapping) is only performed every fifth dynamics time-step.
Perhaps surprisingly we see very little dependency on vertical coordinate and AAM conservation (Figure 2, 3 , 4, and 5). The main difference is on the embedded plot in Figure 4 and 5 (column three, row two). Since the Eulerian vertical coordinate version does not have any explicit diffusion on pressure, the mass AAM tendency
is zero. The floating Lagrangian vertical coordinate version of CAM-SE applies explicit diffusion to pressure-level thickness and hence the mass tendencies of AAM associated with diffusion is non-zero.
Other numerical configuration changes and AAM
A number of experiment were performed altering different aspects of the CAM-SE dynamical core, however, none of them changed the total AAM budget significantly (Figure 6 and 7) . The experiment configurations were as follows:
• five-fold increase in hyper-viscosity coefficient (ν = 5.0 × 10 15 ),
• turn off increased divergence damping (ν div = ν = 1.0 × 10 15 ),
• remove uniform rotation correction in the hyperviscosity computation,
• change from piecewise parabolic method [PPM; Colella and Woodward , 1984] vertical remapping algorithm to the piecewise spline method [PSM; Zerroukat et al., 2006] ,
• turn global total energy-fixer off,
• turn off sponge layer diffusion, i.e. no increase diffusion near model top (namelist variable nu_top changed from 2.5 × 10 5 to zero),
• in vertical remapping algorithm (diagnostics not shown on Figure 6 and 7): instead of remapping temperature remap total energy and diagnose temperature [Lin, 2004] .
Summary and discussion
It has been shown using the Held-Suarez idealized Earth setup that NCAR's Community Atmosphere Model Spectral Element (CAM-SE) dynamical core conserves axial angular momentum very well. That said, even if good global conservation of AAM is demonstrated, it cannot be ruled out that local conservation errors somehow cancel out. Nevertheless local conservation implies global conservation, so any defects in the global conservation point to deficiencies in local conservation.
In CAM-SE the spurious sources and sinks of AAM from the dynamical core are three orders of magnitude smaller than the physical (parameterized) sources/sinks. Changing the vertical coordinate from the popular Simmons and Burridge [1981] method to floating Lagrangian vertical coordinates [Starr , 1945; Lin, 2004] did not affect the global AAM budget. A slight degradation on the conservation of total AAM was observed when changing from formally fourth-order spatial discretization to second-order, however, the spurious dynamical core sources/sinks were still two orders of magnitude smaller than the change in angular momentum due to physical forcing. Changing vertical remapping algorithm, increasing hyper-viscosity, decreasing divergence damping, remapping total energy instead of temperature in the floating Lagrangian vertical coordinate version, turning global energy-fixer off, remove uniform rotation correction in diffusion operator (so that uniform rotation is damped), and turning off increased sponge layer diffusion, did not significantly affect the magnitude of the spurious sources/sinks of global AAM.
In the literature excellent AAM conservation properties have been reported in a model based on the spectral transform method [Lee and Richardson, 2012] . The CAM-SE and global spectral transform dynamical cores share some aspects such as co-location of prognostic variables (Arakawa A-grid staggering), make use of basis functions so derivative and integrals can be exactly computed (except for non-linear terms), and the diffusion operators are higher-order (typically forth-order or higher). Models that have been shown 4 (in Venus setup) to have a larger sensitivity to 'details' in the dynamical core are based finite-volume or finite-difference methods [Lee and Richardson, 2010] . These dynamical cores are based on staggered grids and have implicit diffusion. Note that this does not necessarily imply that finite-volume and finite-difference models are not suitable for simulating super-rotation. For example, the LMD GCM [Hourdin et al., 2006] is capable of simulating super-rotation [e.g. Lebonnois et al., 2010] despite being a finite-difference model on a staggered grid.
That AAM conservation is, at least for CAM-SE, not primarily controlled by the vertical discretization suggests to look for the cause for good or bad conservation in the horizontal discretization. Therefore it would be useful to analyze AAM conservation already at the level of the shallow-water equations. The simplicity of the equations may allow a more in-depth understanding of the spurious sources of AAM associated to the various discretization strategies. A first step towards such an analysis would be the specification of a shallow-water numerical experiment exacerbating defects in AAM conservation; an aspect currently overlooked by the standard test cases that numerical for the successful simulation of super-rotating atmospheres . Contrary to the global spectral transform models widely used for Venus and Titan modeling, CAM-SE has been demonstrated to be highly scalable on massively parallel compute architectures [Taylor et al., 2008] . CAM-SE has also successfully been used to simulate the Quasi-Biennial Oscillation [ QBO Richter et al., 2013] .
